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ABSTRACT 
Let G be a simple graph with adjacency matrix A, and p(x) a polynomial with 
rational coefficients. If p(A) is the adjacency matrix of a graph, we denote that graph 
by p(G). We consider the question: Given a graph 6, which polynomials p(r) give 
rise to a graph p(G) and what are those graphs? We give a complete answer if G is a 
distance-regular graph. We then derive some general relations between the polynomi- 
als p(x), the spectrum of A, and the automorphism group of G. 
1. INTRODUCTION 
The adjacency matrix of a simple (no loops or multiple edges) graph G is 
a symmetric 0 - 1 matrix with zeros on the main diagonal. If p(x) is a 
polynomial with rational coefficients and A is the adjacency matrix of G, 
then p(A) is a symmetric matrix. We want to investigate the circumstances 
under which p(A) is the adjacency matrix of some graph, i.e. when the 
entries of p(A) are zeros and ones with zeros on the main diagonal. In that 
case we will refer to the graph whose adjacency matrix is p(A) as p(G) and 
say that p(G) is a polynomial in G. 
If G is a path (a tree with exactly two vertices of degree l), then those 
polynomials p(x) for which p(G) is a graph have been completely described 
in [l]. 
Our interest is motivated by the fact that distance-regular graphs are 
precisely these whose “distance graphs” are polynomials in the graphs 
themselves. In Section 2 we give a complete description of those graphs 
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which are polynomials of distance-regular graphs and describe the polynomi- 
als in question. 
In Section 3 we examine some relations between the automorphism 
groups and the spectra of a graph G and the polynomial graph p(G). 
All graphs considered will be simple. All polynomials will have rational 
coefficients. If G and H are graphs on the same vertex set, then G + H is the 
graph whose adjacency matrix is the matrix sum of the adjacency matrices of 
G and H. (Thus G + H is only defined if G and H have no edges in 
common.) We denote the vertex set of G by V(G). The distance between a 
pair of vertices u, o E V(G) is denoted by d&u, v), or if the relevant graph 
is clearly understood, by d(u, v). The automorphism group of a graph G is 
denoted by Aut(G). The spectrum of a graph G is the set of eigenvalues, 
counting multiplicities, of the adjacency matrix A of G. We use spec G or 
spec A to denote the set of distinct eigenvalues of A, spec G = (he, X1,. . . , A ,) 
with X,>X,>X,> ... >h,. 
2. DISTANCE-REGULAR GRAPHS 
Let G be a k-regular connected graph of diameter d. Let Gj( u) = 
{wEV(G)ld( u, w) = j}. Suppose that for each pair of vertices u, v E V(G) 
with d(u, v) = j, the integers cj, bj with 
and 
bj=IGj+l(u)nG,(v)l, o<j<d-1, 
depend only on j and not on the choice of u and v. We then say that G is 
distance-regular. The sequence { b,, b,, . . . , bd_ 1; cl, c2,. . . , cd } is called the 
intersection away of G. Note that b, = k and cr = 1. The reader is referred to 
[2] for basic information about distance-regular graphs. 
If G is a graph with adjacency matrix A, we may define the distance 
graphs Gi and their adjacency matrices Ai as follows: 
CAi)jl= 
1 if d(vj,vl)=i, vj,vrverticesof G, 
0 otherwise, Ogigd. 
Note that A, = A and A, = 1. 
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It is a key fact that if G is a distance-regular graph, then Ai is a 
polynomial of degree i in A. Moreover this fact characterizes the property of 
distance regularity. 
PROPOSITION 2.1 [3]. Let G be a graph of diameter d with adjacency 
matrix A. Then G is distance-regular if and only if Ai is a polynomial of 
degree i in A for all i, 1~ i < d. 
Now it is clear that if {A,,,. . ., Ak,} is a set of distinct distance matrices 
of a graph G, k, # 0, for all a, then A,, + . . . + A,, is the adjacency matrix 
of a graph. This follows from the fact that for each row and column (i, j) at 
most one of the A,* has a one in that position. If the graph G is distance-reg- 
ular, then each Aka is a polynomial in A and hence A,, + . . . + A,, is a 
polynomial in A. We now show that all graphs which are polynomials in 
distance-regular graphs must arise in that way. 
THEOREM 2.2. Let G be a distance-regular graph, and let p(r) be a 
polynomial in x. Then p(G) is a graph if and only if the adjacency matrix of 
p(G) is of the formAk,+ ... + A,,, where A, 
of G, k,#O foralla. 
(1 is the k, th distance matrix 
Moreover, if AkO= v,$A), then p(x) = v,l(x)+ * * * + v,(x) (mod& the 
minimal polynomial of A). 
Proof. We have already shown that A,, + . . . + A,, is the adjacency 
matrix of a graph if the Ake are all distinct matrices none of which is A, = I. 
If G is distance-regular, then A ,_, = v,$A), where vk,(x) has degree k,. Thus 
p(A) = [v,l(x) + . . . + v&)](A), and so p(x) = vk,(x) + . . . + v,,<x) 
(modulo the minimal polynomial of A). 
Now let G be a distance-regular graph of diameter d, and p(x) a 
polynomial such that p(G) is a graph. We may assume that the degree of 
p(x) is less than d + 1, since the minimal polynomial of A has degree d + 1. 
Since Ai is a polynomial of degree i in A, we have the system of equations 
A,=Z, 
A,= A, 
A, = a,1 + ‘Asia + cy,A2, 
A, = CQZ + QA + . . . + a,,Ad, 
182 
0 
G 
A 
6s + G, G + Gt + G3 
PAUL M. WEICHSEL 
63 G + Gp 
@ 0 0 0  0 
G + G3 0.G 
FIG. 1 
with cuii#Ofor i=2,..., d. Thus the system can be inverted, giving A’ as a 
linear combination of { A,, A r, . . . , A i }. Hence if p(r) is a polynomial of 
degree less than d + 1, then p(A) is a linear combination of { A,, . . . , A, }. 
Since p(G) is a graph, the coefficient of A, must be 0 and the coefficient of 
each Ai must be 0 or 1. Since, for each i, Aj = u,(A), the theorem follows. n 
EXAMPLE 2.3. If G is the Gcycle, C,, then we can list all graphs which 
are polynomials in G; see Figure 1. Notice that this is the set of all regular 
graphs on 6 vertices. 
3. AUTOMORPHISM GROUPS AND SPECTRA 
If G is a graph and p(x) is a polynomial such that p(G) is also a graph, 
then the automorphism groups of G and p(G) can be thought of as 
permutation groups acting on the same set of vertices. 
PROPOSITION 3.1. Let G be a graph and p(r) a polynomial such that 
p(G) is a graph. Then Aut G c Aut p(G). 
Proof. If A is the adjacency matrix of G, then p(A) is the adjacency 
matrix of p(G). If u E Aut G, then (I can be viewed as a permutation matrix 
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whose action on V(G) is affected by left multiplication on A. In fact 
(I E Aut G if and only if uA = Au. Thus up(A) = p(A)u and u E Aut p(G). 
n 
The proposition gives rise to a number of natural questions: 
(i) If G and H are graphs on the same vertex set and Aut G c Aut H, 
does it follow that H is a polynomial in G? 
(ii) Suppose G is a graph, p(x) is a polynomial with p(G) also a graph, 
and Aut G = Aut p(G). Is there any connection between p(x) and spec G? 
We will first show that the answer to (i) is no even when G is distance- 
regular. 
EXAMPLE 3.2. If G is a distance-regular graph of diameter 2 with n 
vertices, then the only graphs which are polynomials in G are G; G, = G, the 
complement of G; K, = G + G,; and the trivial graph on n vertices. If Aut G 
is trivial, then Aut G L Aut H for any graph H on the same vertices. Now if 
such a graph G exists, we need only select a graph H which is different from 
the at most 4 graphs which are polynomials in G. Several distance-regular 
graphs of diameter 2 on 25 vertices with trivial automorphism group are 
given on p. 167 of [4]. If we choose H = C,, the cycle on 25 vertices, we 
have the desired example, since G has 3 distinct eigenvalues and H has 13, 
whence H cannot be a polynomial in G. 
If the graph G is sufficiently symmetric, however, then the answer to (i) 
is yes. First a definition. 
DEFINITION. A connected graph G is called distance-transitive if for 
each positive integer i and vertices U, v, x, y with d(u, v) = d(x, y) = i there 
is an automorphism u of G with u(u) = x and u(v) = y. 
Thus if Di = {( u, v) 1 u, v E V(G), d(u, v) = i}, then Aut G is transitive 
on each Di, i = I..., d, where d is the diameter of G. It is easy to see that 
every distance-transitive graph is distance-regular. 
THEOREM 3.3. Let G be a distance-transitive graph and H a graph on 
the same vertex set V(G). Then Aut G c Aut H if and only if H = p(G) for 
some polynomial p(x). 
Proof. We need only show that if Aut G 5 Aut H then H must be a 
polynomial in G. Let D/ = {(u, v) 1 u, v E V(H), d,(u, v) = i}, and suppose 
that for some (u, v) E D[, u and v are adjacent in H. Then, since Aut G is 
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transitive on Oi and Aut G c Aut H, it follows that for every (u’, v’) E D/, u’ 
is adjacent to v’ in H. Thus for each i, either D,! consists of pairs of adjacent 
vertices in H, or D/ consists of pairs of nonadjacent vertices of H. We now 
identify D[ with the subgraph of H induced by its edges, and we have 
H = X>= lDi; jj for all Di; jj composed of pairs of adjacent vertices of H. But 
DICj, = Gi, .), which is a polynomial in G by Proposition 2.1. Hence H is a 
polynomia/ in G. n 
Now we consider (ii): Aut G = Aut p(G). 
DEFINITION. Let A be a square matrix and p(x) a polynomial. We say 
that p(r) respects spec A if p( Xi) f p(X j) for hi, X j distinct eigenvalues 
of A. 
First an elementary lemma. 
LEMMA 3.4. Let A be a real symmetric matrix and p(x) a polynomial 
with real coefficients. Then p(r) respects spec A if and only if there is a 
polynomial g(x) such that g(p(A)) = A. 
Proof. Since A is a real symmetric matrix, let S-‘AS = D be diagonal. 
Now if p(x) respects spec A, then clearly there is a polynomial g(x) such 
that g(p(A,)) = Xi. Hence since S’AS is diagonal, g(p(S-‘AS)) = S’AS 
and so g(p(A)) = A. n 
THEOREM 3.5. Let G be a graph and p(x) a polynomial such that p(G) 
is a graph. Zf p(x) respects spec G, then Aut G = Aut p(G). 
Proof. It follows from Proposition 3.1 that Aut G c Aut p(G). Now 
since p(x) respects spec G, we invoke Lemma 3.4, and there is a polynomial 
g(x) such that g(p(G)) = G. Thus Aut p(G) c Aut g(p(G)) = Aut G. There- 
fore Aut G = Aut p(G). n 
We now show by example that the converse of Theorem 3.5 is false. 
EJCAMPLE 3.6. If G is a regular connected graph of diameter 2 on n 
vertices with adjacency matrix A, then Z f A + A, = J, the n x n matrix of 
all ones which is a polynomial in A: J = nq( A)/q( k) with q(x) = n;= 1( x - 
A,), specA=(k,X, ,..., A,). Thus A, = J- Z - A, and if g(r) = nq(x)/q(k) 
- 1 - x then A, = g(A), that is, G, = g(G). Since the diameter of G is 2, G, 
is the complement of G and Aut G = Aut G,. Hence the conclusion of 
Theorem 3.5 is satisfied. 
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We can now check to see how g(x) acts on spec A. We have 
w(h) 
g(‘i> = g(k) 
--l-xi= -l-xi, 
since g(A,) =0 for i=l,..., s. Thus if g(Ai)=g(Xj) then &=A,. But 
g(k) = n - 1 - k, and so if g(z) doesn’t respect spec G, then n - 1 - k = - 1 
- Xi for some Xi. That is, hi = k - n for some Xi. 
We will now describe a class of graphs whose spectra contain an 
eigenvalue satisfying Xi = k - n. Let G be the complement of the union of r 
copies of K,. Thus G can be described as the cycle on 2r vertices with all 
diagonals except those connecting antipodal vertices. G is regular and 
connected and of diameter 2. Since the complement c of G is the union of 
copies of K, and spec K, = (1, - l), we can use a well-known formula to 
calculate the spectrum of G [2, p. 201. We get spec G = (2r - 2,0, - 2). 
Hence if we choose i = 2, Xi = - 2, k = 2r - 2, and n = 2r, then A, = k - n. 
Thus G is a polynomial in G which does not respect spec G, but Aut G = 
Aut G. 
The graph g(G) in the example above is very disconnected. It is natural 
to ask whether adding the requirement of connectivity gives a corrected 
converse to Theorem 3.5. The case of g(G) = c, which implies Aut G = 
Aut g(G), has an easy answer. 
THEOREM 3.7. Let G be a re@ar connected graph. Zf c, the comple- 
ment of G, is connected, then G = p(G) for some polynomial p(x) and 
p(x) respects spec G. 
Proof. Let G be a graph with n vertices. G + G = K, = J,, - I,, where 
Z,, is the complete graph with loops and I, is the set of n disconnected loops. 
Now if G is regular and connected, then 1, is a polynomial in G. Thus 
G = p(G) for some polynomial p(x). Moreover, if G is connected&then it is 
certainly regular, and so there is a polynomial g(x) such that G = g(G). 
Hence G = g( p( G)), and p(x) respects spec G by Lemma 3.4. n 
We conclude with the following conjecture. 
CONJECTURE. Let G be regular and connected. Let p(x) be a poly- 
nomial with p(G) a connected graph. Suppose that Aut G = Aut p(G). Then 
p(x) respects spec G. 
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Our conjecture essentially states that we can replace the condition “G is 
connected,” which includes Aut G = Aut G, with “p(G) is connected and 
Aut G = Aut p(G).” 
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